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Abstract 

We demonstrate that the ambiguity of the low-x evolution kernels in the next-to-leading 
order (NLO) permits one to match the Mobius form of BFKL kernel and the kernel of the 
colour dipole model and to construct the Mobius invariant NLO BFKL kernel in N = 4 
supersymmetric Yang-Mills theory. 
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1 Introduction 



This paper is devoted to the investigation of conformal properties of the Balitsky-Fadin-Kuraev- 
Lipatov (BFKL) equation pQ and the relationship between the BFKL approach and the colour 
dipole model [2]. 

The BFKL approach gives the most common basis for the theoretical description of semihard 
processes in QCD and has a wide field of applications covering scattering processes with arbitrary 
momentum and colour exchanges. Now the next-to-leading (NLO) corrections to the kernel of 
the BFKL equation are known both for the forward scattering [3], [I] and for any momentum 
and colour transfer [5]- [7]. 

The BFKL approach is based on the gluon reggeization. Originally it was formulated in 
the momentum representation, and the BFKL kernel was calculated in the space of transverse 
momenta <fi,<?2 of two interacting reggeized gluons. Later it was recognized that for the case 
of scattering of colourless objects the BFKL equation possesses remarkable properties, which 
become mostly apparent in the space of conjugate coordinates ri,r 2 - It was shown [8] that 
in this case the BFKL equation can be written in the special representation (in the space of 
states with the "dipole" property (r, r|\l/) = 0), where the equation is invariant under the 
conformal (Mobius) transformations of the transverse coordinates. Following Ref. p] we will 
call this representation Mobius representation. For brevity, we will also call the BFKL kernel 
in this representation Mobius kernel, and its form in the coordinate space Mobius (or dipole) 
form. The Mobius form of the LO BFKL kernel is explicitly conformal invariant [TDj. Moreover, 
it coincides with the kernel of the evolution equation in the colour dipole model. 

The colour dipole model is formulated in the coordinate space. Unlike the BFKL approach, 
it is applicable only to scattering of colorless particles. Its attractive feature is a clear physical 
interpretation. The model is applied not only at low parton density, but also in the high 
density regime, where parton fusion is essential [UJ, and evolution equations become nonlinear. 
In general, in this regime there is an infinite hierarchy of coupled equations [12] [E|- I n the 
simplest case, when the target is a large nucleus, it is reduced to the Balitsky-Kovchegov (BK) 
equation [13]. It was shown [9] that the BK equation appears as a special case of the nonlinear 
evolution equation which sums the fan diagrams for the BFKL Green's functions in the Mobius 
representation. Therefore in the LO there is a full agreement between the BFKL approach and 
colour dipole model. 

Recently the NLO corrections to the BK kernel have been calculated [15] [UJ and investi- 
gation of inter-relation of the BFKL approach and the colour dipole model in the NLO became 
possible. A clear understanding of this inter-relation is important for the further development 
of theoretical description of small-x processes. Not less significant is the understanding of con- 
formal properties of the NLO BFKL kernel in the Mobius representation because the conformal 
invariance is extremely important for integrability of the BFKL equation. Evidently, in QCD 
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the conformal invariance is violated by the running coupling, i.e. by the terms proportional to 
/3- function. But one could expect that the Mobius form is quasi-conformal, i.e. the conformal 
invariance is violated only by such terms, and that it remains unbroken in N = 4 SUSY Yang- 
Mills One could expect also coincidence of the Mobius form of the BFKL kernel and the kernel 
of the colour dipole model. 

However, the situation is not so simple, because the NLO kernels are not unambiguously 
defined. Their ambiguity is analogous to the ambiguity of the NLO anomalous dimensions. It 
is caused by the possibility to redistribute radiative corrections between the kernels and the 
impact factors. 

We prove that this ambiguity permits one to match the Mobius form of the BFKL kernel 
and the kernel of the colour dipole model and to construct the Mobius invariant NLO BFKL 
kernel in N = 4 SUSY. 

The NLO corrections consist of quark and gluon parts. The quark part of the BK kernel 
was found Refs. [T3l [T6] ; the corresponding part of the Mobius form of the BFKL kernel was 
calculated in Refs. [TOl [18]. Taking into account of the ambiguity mentioned above, it was 
shown there that up to the difference in the renormalization scales the quark parts agree with 
each other. Moreover, the "abelian" piece of the quark part is conformal invariant [IS]. This 
is especially interesting for the QED Pomeron [T^l [20] because this piece is proportional to the 
total QED kernel. 

The Mobius form for the gluon part was obtained in Ref. [2T] . As well as the quark part, 
it turned out strikingly simple compared with the gluon part of the BFKL kernel in transverse 
momentum space. However, it was found that the conformal invariance of this form is broken 
not only by the terms proportional to /?- function. In principle, this result did not mean that the 
conformal invariance was broken in N = 4 SUSY Yang-Mills theory because the field structure 
of this theory differs from QCD. The extension of the BFKL framework to the supersymmetric 
theories was started in Ref. [22], where the forward kernel was found for the SUSY N=4 in the 
space of the Born eigenf unctions and in the momentum space with the dimension D = 4 + 2e. 
This analysis has been expanded Ref. the [23J , where the Mobius form of the nonforward BFKL 
kernel was obtained for the supersymmetric theories with arbitrary N. It turned out that this 
form violates conformal invariance at any N. However, because of the ambiguity discussed above 
a possibility of existence of a conformal invariant kernel at N = 4 was not excluded. Also Regge 
limits of 4-point correlators were studied in N=4 SUSY directly in the coordinate space via 
conformal invariance and the connection of the analysis to the AdS / CFT duality was discussed 
in Ref. [23]. 

The gluon part of the BK kernel calculated in Ref. [17] agreed neither with the Mobius 
form of Ref. [21] , nor with the eigenvalues of the forward BFKL kernel [3], [22] . It was found 
afterwards that Ref. [TTJ contained an error, which was corrected in Ref. [25]. The discrepancy 
of the results of Refs. [TF] and [31 [221 EI] was analyzed in detail in Ref. [20] ■ A special attention 
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was paid to the case of the forward scattering. It was shown for this case that with account of 
the ambiguity of the NLO kernels, of the correction performed in Ref. [25] and of the difference 
in the renormalization scales, the discrepancy disappeared. Besides this, the functional identity 
of the forward BFKL kernel in the momentum and Mobius representations in the leading order 
(LO) was exhibited and its NLO validity in N = 4 supersymmetric Yang-Mills theory was 
proved. 

Here we demonstrate that with account of the correction of Ref. [25] and the difference in the 
renormalization scales (it was discussed in detail in Ref. [26] and we will not mention it further) 
the ambiguity of the NLO kernels permits us to match the gluon parts for the non-forward case 
also. Moreover, this ambiguity allows us to present the kernel in the form where the conformal 
invariance is violated only by renormalization. It is especially interesting for the N=4 SUSY 
Yang-Mills. 

Our paper is organized as follows. In the next section, our notation is introduced, the 
ambiguity of the NLO kernels is briefly discussed and a short overview of the discrepancy 
between the kernels is given. Section 3 presents the transformation of the BFKL kernel (allowed 
by the NLO ambiguity) which removes this discrepancy. In section 4 the transformation to the 
quasi-conformal shape is presented. Section 5 gives the quasi-conformal (conformal at N=4) 
kernels in QCD and SUSY Yang-Mills theories. Section 6 presents our conclusions. 



2 General overview 

Our notation is the same as in Refs. [TUl l2"Tj . Thus we denote Reggeon transverse momenta 
(conjugate coordinates) in initial and final t-channel states as q[ (r/) and q} (r*j), i — 1,2. At 
space-time dimension D = 4 + 2e the state normalization is 

iqr 

(q\q') = 5(q-q'), (r\r') = 5(r-f'), = _-_ (1) 

We will also use p^i = Pi — Pj for brevity. 

The s-channel discontinuities of scattering amplitudes for the processes A + B — > A' + B' 
have the form 

- M(2n) D - 2 6(q A - q B )disc s AH' = (A'A\ (-) ^-\B'B) . (2) 

V s o/ q{q* 

In this expression s is an appropriate energy scale, q A = Pa'a, 1b = Pbb', and K, is the 
BFKL kernel, 

(<Ti, <?2|£ \q{, g 2 ') = 8(q iv + q 2 2') — ^'-S'^ + <K<?22') 5 (qw) (<?i 2 ) + u(q 2 2 )) , (3) 

<?1 *?2 
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where u(t) is the gluon Regge trajectory and K, r (qi, q[, q) represents real particle production in 
Reggeon collisions. The impact factors are introduced through 



(<fi, q 2 \B'B) = 4:p B 5(q B - q\ - q 2 )$ B >B(qu Q2) , (4) 

(A'A\q u q 2 ) = Ap\5{q A - <fi - q 2 )$ 'a> a(Qi, $2) , (5) 

where p ± = (po ±p z )/\/2. The kernel JC r (qi,q{;q) and the impact factors $ are expressed 
through the Reggeon vertices according to Ref. [2?j. So, the real part of the Born kernel reads 

£f (gi.gi'jg) a s (^)N c f 1 (g 2 giiQ _ (gignQ _ Ofi 92 A ^ 

-»2-»2 9 1 -*2 ->2-»2 -*2-»2 -»2-*2 J ' V / 

9l 9 2 ^ 9 2 9ll' ?1 9l 9 2 / 

while the one-loop trajectory has the form 

At once we can see that Eq. ([2]) does not give the unique definition of the kernel. Indeed, the 
discontinuity disCs-A^ in Eq. ([2]) remains intact if one changes both the kernel and the impact 
factors via an arbitrary nonsingular operator: O 

t^O^JCO, (A'A\ -»• (A'A\6 , -J-^\B'B) ->• O^J^^'B). (8) 

9iV 2 2 ' 9i 2 9 2 2 

Actually, the kernel K, ([3]) is obtained from the symmetric kernel, usually used in the momentum 
space, just by such transformation. Only owing to this transformation the Mobius form of /C is 
conformal invariant and coincides with the dipole kernel in the leading order. But even if the 
kernel is fixed in the LO, transformations with = 1 — 0, where O ~ a s , are still possible. 
Within the NLO accuracy these transformations give 

t^t-[t B ,6}. (9) 

Such transformations can be used for simplify the form of the kernel, in particular of its Mobius 
form. Indeed, it was shown [T(H |2T] that this form is simplified by the transformation 



£^k=£ + ^ [t B M^qfqf)] , (10) 

where /C is the kernel defined in Eq. ([3]), )C B = K is its LO value and /3q is the first coefficient 
of the beta-function. In the following this transformation is assumed to be done. 
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In the NLO the Mobius form can be written [TU1 EI] as follows: 



2tt 2 



r lp r 2p 



S(fu>)S(f 2 'p) + 8{fv p )8{f 2 2') - S(fir)S(r 2 2' 



47T 3 



5{r lv )5{r 22 >) I dpg (fx,r 2 ; p) +5(r 1 i/)^i(fi ) f 2 ;f 2 / ) + 5(r 22 >)gi(r 2 , n; f() 



+ -92(ri,f 2 ;f{,fl) 

7T 



'11^ 



Here f ip = fi — p, and the whole kernel is symmetric with respect to the substitution 1 <-> 2, 1' <-> 
2'. The Mobius kernel (TTTT) is defined with an accuracy to any functions independent of r*i or 
of r*2 such that after their addition the kernel remains zero at fx = f 2 pm EI]- Therefore, one 
can add to the kernel only the functions which are antisymmetric with respect to the r*i <-» f 2 
substitution. These functions do not change the symmetric part of the kernel. But this part 
alone plays a role because of the symmetry of the impact factors. 

The transformation ffTU]) considerably simplifies the "non-abelian" piece of the quark part of 
the Mobius form [TU]. In particular, it removes its contribution to the function g 2 . Moreover, 
just after this transformation the Mobius form of the quark contribution to the BFKL kernel 
PHI dB] coincides with the quark part of the linearized BK kernel [Ul US] calculated in the colour 
dipole model. 

However, the transformation (fTUj) does not remove the disagreement of the gluon contribu- 
tion. The BFKL framework gives for the gluon contribution to the functions gt in (fTTI) [2l] 



9o{ri, r 2 ; p) = 2vrC(3)<5 (p) - g(r x ,r 2 ; p) 



(12) 



where 



gi(f h r 2 ;r 2 ) 
1 



+ 



2r 2 

z ' 22' 



In 
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u ' 22' ' 12' 
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In 
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In I ^ 1 + - 
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12' 
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2C(2) 



In 



22' 



12' 



^12 



12' 



(13) 
(14) 
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3 Matching of the gluon parts 

In principle, if the kernels Km and Kbc can be connected by the transformation (0, one can 
easily write a formal expression for the operator O. Indeed, let us denote K M — JC BC — A, 
the eigenstates of the Born kernel JC B \fi), and the corresponding eigenvalues u B . Then, if 

A = JC B ,0 , one has 

(u*-u*){^d\ti = ^\k\»). (21) 

It can be seen from this equation that the operator O exists only if the operator A has zero 
matrix elements between states of equal eigenvalues. If so, supposing that the states \fi) form a 
complete set, one has 

= Y\»W\±MM (22) 

and 

(ri,r 2 |//)(//|A|//)(/x|r/,f 2 ') 



6\rl, fi) = V Vi.'si/WI^/WI'i.^ (23) 

' UJ i — U3 

Since we know (f\, r^|A|r/, r 2 ) from Eqs. ffTTj) . (fT2l - ffT5"l) and (fTT|) - (l2"0]) . we can find 

(//'|A|/i) = y cFicF 2 df/dr 2 V1^^ (24) 

using the known eigenfunctions (fi,f 2 \fj) in the coordinate space [5] and then (fi, f^Olf/, f 2 ) 
using Eq. f[2"3j) . However, it is rather difficult because of complexity of the eigenfunctions and 
the corresponding eigenvalues. In fact, we did not do it, but we have guessed the operator O: 

(91,92101?!, g 2 ) = -d{qn> + q 22 <) 9 ^ 2 hig n , 

^Qi Q 2 

a * N ° s ,x sx ,* \ [ .2+26M„ ti ( 2 k(k-q\) k(k-q 2 ) 



+ r^£S(q 22f )5(q lv ) d 2+2e klnk 2 ^ - J v l ^' - J v ^ ■ (25) 

Let us show that the transformation defined by Eqs. (Q and (J25]), being applied to the kernel 
Km, converts the functions g>j given by Eqs. (ITT]) and (IT2"]) - (IT5"]) into the functions c ffTTj) -(1201). 

In the momentum space, we have for the commutator [K, , O] 



(gi ,g 2 |[/C ,0] | g/, q 2 ) = S(q lv + q 22l 



* /Cg (gl, ^ - fc; g) /C r B (gl - fc, g/; g) fc 2 
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4lT 2 



<?iV 2 2 



dk 



k(k — q{) k(k — q\) 



(1^2,l'^2')]ln^ 



k 2 {k-q{) 2 k 2 (k-q 1 ) 2 



(26) 



Since all integrals here and below are convergent, we put e = henceforth. The first line in 
Eq. (1261) is equal to the doubled contribution (q\, q 2 \!C S 2\q{ , <f 2 ) t° the BFKL kernel, defined in 
Ref. [21]. Denoting the remaining terms in Eq. (1261) as {qi,q2\V\q{,q{}, after integration we 
obtain 



(el, felVlg/, g 2 ) = <y(^ U / + g 2 2' 



8tt 3 



J_ (fej) _ (gifc) _ (gj g 2 ) 
fc 2 <f 2 2 fc 2 g^fc 2 giV 2 2 



x (l n 2 f! + ln 2 C-ln 2 C-ln 2 ^ 



(27) 



where = (fu/. 

The Mobius form of /C s2 was found in Ref. [21] . To obtain such form for the operator V 
we have to transform Eq. (j2"7|) into the coordinate space. It can be done using the following 
integrals: 



2ir % 2 r 2 '' 



dq f dk e iw?+kji\]_ ln (v-k) 2 ln (g - a?) 2 



2tt / 2tt 



Q 4 



q 2 



In 



(f +p) z 



ln 



(f + p)' 



2tt / 2tt 



A' 2 



In 2 



(f +p) z 



27T ./ 27T cp&2 g2 



7" ^ ^(5 ^ 



In' 



dq f dk 



2vr / 2vr 



M (9 fc ) 
(pk 2 



k'< 



rp) ln 2 / P 



iy 2 2 



/" dqi f dq 2 f 
J 2vr J 2tt J 



dk „■ 



The result is 



2n 
8vr 4 



(a H N r . 



c — »9 — »9 111 — * -^>9 -V) -^>9 111 

Q1Q2 k 2 r(r 2 p 2 



■(r\r 2 \)?\rlr£) = v M (n, r 2 ; r/, f 2 ') 



-*9 

p- 



(28) 
(29) 

(30) 

(31) 
(32) 
(33) 



+ 



r ir r i'2' 1 

-»2 -»2 -»2 
L' 11'' 12'' 1'2' 



11' 



12' 



+ 



/>T* 2 ,ct* 2 
11'' 1'2' 



hi 



/>t* 2 2 
' 11'' 12' 
->4 
r l'2' 



+ (1 «-> 2, 1' «-> 2') 



(34) 
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where 



VM(n, r 2 ; f{, f 2 ) = 7r5(f 22 ') 



r 12 + f. 



21' 



ii' 



In 



r 2 
r i2' 



ii' 



12 



*2 -»2 -»2 
' 11'' 12'' 22' 



z ' 11'' 21' 



In [ ^ 1 In 



In 



+ 



?2 
22' 



21' 



In 



->0 ->Q -» O 

1 11'' 21'' 1'2' 



+ 



12 



r 2 
r l2' 



1'2' 



-» 2 -» 2 -* 2 
1 11'' 22'' 1'2' 



11' 



/VI* 2 /Cv* 2 
'12' 21' 



,yi* 2 /pT* 2 

' 22' ' 12' 1 
-»o -»2 -» 2 
' 11'' 22'' 1'2' 



/ >-•* 2 , 2 

'12' '21' 

(Vi* 2 f Ci* 2 
' 22'' 1'2' 



+ (1 <-> 2,1' <-> 2') 



(35) 



The terms in the square brackets in Eq. (jolp do not depend either on f*i or on r 2 and therefore 
they are omitted in the Mobius form. As for vm (ri, ^2] r{, r 2 ), it turns into zero at fi = r 2 , so 
that it satisfies the requirements for the Mobius forms. Using the Mobius form of /C s2 [21] (see 
Eqs. (44), (54), (55), (67) and (69) there) and Eq. ([35]), we obtain 



(a s N c ) 



7T ^ B <*> 

(fir 2 |[/C , Ojjwlr/fs) = ir5 (fW) 



In 



21' 



12 



In 



11' 



21' 



12 



:y* 2 2 

' 11'' 21' 



In 



11' 



12 



In 



12 



21' 




In 



r 22' r i'2' 
^2^2 — 



r l2' r i'2' 



In 



\ ^2 

r 21' r i'2' / 



' 11'' 22'' 1'2' 



In 



'12' 12' 
\l' r 22' 



hi 



?2 
1'2' 



In 



11'' 22' 
-. 2 -> 2 — 

"l2 r i'2' 



In 



12' i' 2 ' 

?2 F 2 
ll' r 22' 



22' 



hi 



11'' 22' 
2 ^* 2 — 
"l2 r i'2' 



ry* 2 2 

'll'' 12' 



O 71* 2 , cr* 2 

z ' 11' '22' 



O 71* 2 2 
Z ' 12' '21' 



ry " ry ry 

' 12''21''l'2' 



11" 1'2' 



+ (l«->2,l'<->2'). (36) 



^From the definition (|TT|) it follows that the transformation i^M 
untouched and changes only gi 2 . Using Eqs. (fl3"j) . ffT5l) we get 



/Cm — [/C , 0]m leaves g 



#i(ri, f 2 ; r 2 ') -> ^ (ri, f 2 ; f 2 ') 



11 n 2 2 

£x ry 2 /y> 2 

u '22' '12' 



ln(^)+^(^r-^r)ln(^ 



11 / 1 



6 \r 2 l 



12' 



22' 



12' 



and 



12 



iy 2 ty 2 

' 22'' 12' 



hi 



12 



22' 



hi 



12 



12' 



(37) 



g 2 (fi, r 2 ; r/, f 2 ) -> (fi, f 2 ; f/, r 2 ) = # 2 (fi> ^2; r/, f 2 ) + 



(ri 2 / fn/) 1 



-* 2 -* 2 -» 2 

' 11'' 12'' 1'2' 



2f 4 
^' 1'2' 



12 



1 



/| 2 \ /CT* 2 ,CT* 2 ,CT* ^ ,vt* ^ I A <Y* ^ iV** ^ ry 2 /v7 2 

^' 1'2' \'11''22' '12' '21'/ ^' 11'' 22'' 12'' 21' 



1 



'2 ^2 



12 



'2 ^2 ^2 ^?2 



12' 



In 5f ) + (1 <- 2, 1' <- 2') 



(3* 
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where 

92 (S) ifi, f a ; f(, f 2 ') = g BC (f h r 2 ; r{, r 2 ) (39) 

is symmetric with respect to the replacement (r/ <-> r 2 ) (as well as with respect to the replace- 
ment (fi <-> r 2 )), and the terms in the square brackets are antisymmetric, so that they can 
be omitted with account of the symmetry of impact factors. There is also another reason for 
omitting the first term: it does not depend on r 2 . In the following we will assume that this 
term is omitted. Note that using Eq. (fl6|) we can rewrite g$ = go in the form 

go(n,f 2 , p) = 2vrC(3)<5 (p) - gl(n, f 2 , p). (40) 

Comparing Eqs. (13"?]) and (1401) with Eqs. (ITS]) and fflTj) we see that up to the normalization points 
the functions g\ and g$ coincide with g BC and g B correspondingly. Therefore, we conclude 
that the symmetrized gluon part of the Mobius form of the kernel can be written as 

k- [k B ,d] = £ + ^(3 [ic B M (l 2 <f 2 2 )] - [/c B ,6], (41) 

where (3q is the first coefficient of the beta-function, the kernel /C is defined in Eq. (|3]) and the 
operator O in Eq. ff25l) . It coincides (up to the difference in the renormalizations) with the 
gluon part of the kernel of the colour dipole approach found in Ref. [TTJ (with account of the 
correction given in Ref. [22] )• 

Since the Mobius form of the quark part of K coincides with the quark part of the linearized 
BK kernel [151 EE] calculated in the colour dipole model, and only gluons contribute to [fC , O] 
(see Eq. (1261) ). it means that the the symmetrized Mobius form of the kernel (jUJ) coincides with 
the kernel of the colour dipole model (up to the difference in the renormalization scales). Thus, 
the discrepancy between the BFKL and the colour dipole approaches is completely removed. 



4 Transformation to the quasi- conformal shape 

As can be seen from the representation pip and from the explicit expressions for gf, given by 
Eqs. ( |37l) -( l40l) . (120"]) . the conformal invariance of the Mobius form of the kernel (14T]) is violated 
not only by the terms related to renormalization. However, from the results of Ref. [25] it is clear 
that we can transform the form ( T4T1 to the quasi-conformal kernel. Indeed, the transformation 
from the usual kernel for the evolution of colour dipoles to the kernel for the evolution of the 
"composite dipole operators" used in Ref. [25] has the same nature as the transformation (Q. 
Let us show that the transformation K— > KP C = K— [fC B ,Oi], where 



(rir2\Oi M \r(r 2 ) 



a s {p)N c 
4tt 2 



dp 



TV2_ 
' \p' 2p 



In 



iy? 2 2 

' \p' 2p 



S(f ul ) S(f 2 ' p ) +6(r 1 >p) 8 (f 22 ' ) —6(fu> ) 5 (r 22 - 

(42) 
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eliminates the nonconformal terms in Km which are not proportional to the (3— function. 

Indeed, with the help of the integrals from Appendix A of Ref. for the commutator of 
this operator with the Born part of the Mobius kernel (jlip we obtain 



ry 2 (u)N 2 r - 2 /^2-2 

(m\[JC M ,0 1M ]\r{r>) = - J > ' • 



4vr 4 



12 In ' 12' 1'2' 



' 11'' 22'' 1'2' V12' '21' 



'22'' 12' V22'/ \'l2'/ '11'' 21' \ ' 11' / \ ' 21' 



(43) 



Then, using the functions g t T fl371) - P0l) for the kernel if, we obtain the functions g® c for the 
kernel t QC = K- [/C B ,Oi]: 



^(fx, r 2 ; p) = 6ttC (3) 5 (p) - g(n, r 2 ; p) , (44) 

^i,r 2 ;r 2 ') = ^ft^n + H (_!_ - -L) 1„ , (45) 

6 r 2 2 ,r 2 2 , \r* J 6 \r£ r i2'/ Vii J 

where Inr 2 is defined in Eq. (1141) . and 

1/ :y? 2 2 O/P** 2 ,C7* 2 / /vT* 2 /CT* 2 \ \ 2 / 2 2 

. - -/ . / '11' '22' z 'l2'l'2'i / '12' '21' 1 i I , '12 1 / 'l2'l'2' 

92 { r ur 2 ;r l ,r 2 ) = ^j- ( In - 1 + ^ 2 ^ 2 _ 2 In ' 



iy* 4 \ \ /yi 2 2 / / ivi 2 m 2 /vi 2 1 /vi 2 2 

' 1'2' V " \'ll''22'/ / ' 11'' 22''l'2' \'12''21' 

r 12' ^21' \ I ' 12 ' .12 \ ,; -2 -.2 7*2 rf2 



Z ' 11' ' 22' \'ll''22'/ V U ' 1'2'/ 

^From the representation (ITT]) and the expressions f j44l) -( )46l) it can be seen that the conformal 
invariance is violated only by the terms proportional to 11/6. Remind that in the quark con- 
tribution the violation has the same form with —rif/3 (jif is the quark flavour number) instead 
of 11/6, so that the total violation is proportional to the /3-function. It means that the kernel 
fC.Q° = K— [JC B , Oi] is quasi-conformal, i.e. nonconformal terms in its Mobius form have origin 
from the renormalization procedure. 

The part of the gluon contribution to the Mobius form of KP C symmetric with respect to 
the substitution (r/ «-> r 2 ) coincides with the corresponding contribution to the kernel for the 
evolution of the "composite dipole operators" obtained in Eq. (70) of Ref. [25], if one does not 
pay attention to the misprint in this equation (instead of d 2 z^d 2 z^j z\^ must be d 2 z^d 2 z^j z| 4 ) 
and to the difference in the renormalization scales: r 2 instead of our r 2 (j!4p . being 

r 2 a 2 
r 2 = — n 2 = " (47) 

HBC 4 e 2V(i)' >^ BC 4 e 2V(i)' K ' 

As was pointed out in Ref. [26J , we think that this difference arose because the renormalization 



scheme used in Refs. |T7] and [25] is not equivalent to the conventional MS renormalization 
scheme defined in the momentum space. 
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5 Mobius forms for total (quasi- )conformal kernels 



In this section we present the Mobius form for the total quasi-conformal BFKL kernels in QCD 
and extended supersymmetric Yang-Mills theories with arbitrary N. In all these theories the 
quasi-conformal kernel KP C is defined by the relation 



1C QC = £ + ^Po[JC B , In (Ifqi)] -[£ B ,6 + d x 



(4£ 



where (3q is the first coefficient of the beta-function for the corresponding theory, the operators O 
and 0i are defined in Eqs. (125]) and (|42j) respectively. For QCD the kernel /C is the usual BFKL 
kernel defined in the momentum representation (see Eq. (jHJ)). For SUSY Yang-Mills theories in 
the MS renormalization scheme it is obtained [22] from the QCD kernel by the change of the 
coefficients nf with UmN c (tim is the number of gluinos, tim — N) in the "non-Abelian" part 
and rif with —umN^ in the "Abelian" part of the quark contribution, and by addition of the 
contribution of n s scalars (ns = 2(N — 1)). The latter contribution is defined in the momentum 



space by Eqs. (19)-(22) and (28) in Ref. 

In the QCD case, using the gluon contribution from the previous section and taking the 



quark part from Refs. [TU1 [PS] , for the Mobius form of the quasi-conformal kernel 



QC(QCD) 
</0 1 



n,r 2 ;p) = 6vrC (3) 5 (p) 

QC{QCD) 

9i { r i, r 2,r 2 ) 



QC(QCD) 

yi 1 



n,r 2 ;p) 



12 



1 22' 1 12' 



67 



5rz 



~C(2)-^ + 



92 



QC{QCD) i 



n,r 2 ;r 1 ,r 2 



+ 



3n 



f 



12 



2N| r^d 



+ 



1 



2r\ v 



22' 



9N C 
1 

->4 
r i'2' 

4 
12 



+ 



A) r 



A, ( 

2N C 11 V4e 2 ^( 1 ) J ' 2JV, 



72 ,,2 
12 



12' 



— r 



22' 



hi 



12 



'11' '22' 



In 



iy? 2 2 

'12' '21' 

jyi* 2 2 

' 11'' 22' 



22' 



12' 



1 + 



we get 
(49) 

(50) 



AT3 



12 



1'2' 



111 



r l2' r 21' 



+ ■ 



12 



I hi I 99// 



In 



22" 1'2' 



r 12 r l'2' 

iy~> 2 , vt* 2 

'12' '21' 



(51) 



Here /? — y^c — §n/. With account of r\ 



ll' r 22' 

r2 symmetrization this result coincides with the 

result of Ref. [25] up to the different fi (J4"7]) . 

Since the dimensional regularization violates the supersymmetry, the regularization which is 
commonly used in supersymmetric theories is the dimensional reduction. So, we take the scalar 
and fermion contributions from Ref. [23], add the gluon one found in the previous section, and 
express our result in the dimensional reduction scheme, which differs from the MS scheme by 
the finite charge renormalization (see Ref. [23J for details): 



a. 



1 - 



OtsN c 

12tt 



(52) 
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Thus we find 



dsusrin, r 2 ; p) = 6vrC (3) 6 (p) - g S usY{ri,r 2 ; p) 



(53) 



9susY{ri,r 2 ;r 2j 



12 



fp? 2 zt 2 
'22'' 12' L 



32 5n A/ + 2n s , 
7T - C(2) - + — In 



9 



9 



2iV c \ v 4e 2 ^( 1 ) J 2N C 



12 



22' 



12' 



c/si/sy^i,^;^,^') 



/ ' 11' ' 22' z ' 12 ' 1'2' 



->4 
r i'2' 



d 



In 



+ 



(2n g - 3n M ) n 2 2 



+ 



^ r 11' r 22' V ^ 



12 



12 



1'2' 



In 



iy> 2 ,CT* 2 

'12' '21' 

/Vi* 2 /yi* 2 

' 11'' 22' 

ty> 2 /v^*2 

'12' '21' 
/vi* 2 /Ci* 2 
' 11'' 22' 



1 , US 

l-n M + — 



12 



-* 2 -» 2 -»2 
' 11'' 22''l'2' 



hi 



(54) 



,<>t* 2 /Ci* 2 
' 12' 1'2' 
/vi*2 2 
' 12' ' 21' 



d — r l2' r 21' r ll' r 22'5 A) — I 



11 2n M rig 



3 3 

Finally for iV = 4 SUSY theory, we put ns = 6, Um = 4, (3q = and write 



(55) 



<r>^ C |f/f 2 '> 



Af=4 



+ 



4vr 4 



2tt 2 
In 



r \p r 1p 



5{r iv )8{r 2 , p ) + 6(n' p )5(f 22 - 5(r n /)(5(r22' 



-»2 -*2 
r !2' r 2l' 
— — 

r il' r 22' 



12 



12 



O >t* 2 vi* 2 I ,~^*z ^*z /y7* 2 A 

z ' 11' ' 22' V 12'' 21' ' 11'' 22' 



1'2' 



In 



+ 



r 12 r i^2' 
— 

r !2> T 21> 



-» 2 -» 2 -»2 
1 11'' 22''l'2' 



« s iV c C(2) 
2tt 



67r 2 C(3)5(f n 05(r 22 , 



(56) 

This kernel is conformally invariant and coincides with the linearized BK kernel obtained in 
Ref. [25] with account of r\ «-> r 2 symmetrization. 



6 Conclusion 

The main results of this paper are the following. First, we demonstrated that the discrepancy 
between the gluon contribution to the Mobius form of the BFKL kernel, calculated in Ref. [2T] , 
and the corresponding contribution to the kernel of the colour dipole model, calculated in 
Refs. [T7] and [25], can be removed due to the ambiguity of the kernels in the next-to- leading 
order, which allows the transformations (Q . It was explicitly shown that the symmetrized gluon 
part of the Mobius form of the kernel (|4ip coincides (up to the difference in the renormalization 
scales (117])) with the gluon part of the kernel of the colour dipole approach found in Ref. [T7J 
(with account of the correction of Ref. |25j). In our opinion, the scales differ because the 
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renormalization scheme used in Refs. [T7] and [25] is not equivalent to the conventional MS 
renormalization scheme defined in the momentum space. 

Second, using the ambiguity mentioned above and the results of Ref . [25] , we constructed the 
quasi-conformal kernel (j4*8|) and found the Mobius form of this kernel in QCD and iV-extended 
supersymmetric Yang-Mills theories. The nonconformal terms in this form are proportional to 
the first coefficient of the /3-function. At N = 4 the Mobius form is conformally invariant and 
coincides with the result of Ref. [25] . 
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